We show that the average size of self-avoiding polygons (SAP) with a fixed knot is much larger than that of no topological constraint if the excluded volume is small and the number of segments is large. We call it topological swelling. We argue an "enhancement" of the scaling exponent for random polygons with a fixed knot. We study them systematically through SAP consisting of hard cylindrical segments with various different values of the radius of segments. Here we mean by the average size the mean-square radius of gyration. Furthermore, we show numerically that the equilibrium length of a composite knot is given by the sum of those of all constituent prime knots. Here we define the equilibrium length of a knot by such a number of segments that topological entropic repulsions are balanced with the knot complexity in the average size. The additivity suggests the local knot picture.
Introduction
Ring polymers in solution have attracted much interest in various branches of science [1, 2, 3] . Ring polymers with trivial topology are observed in nature such as circular DNA [4] , while circular DNA with nontrivial knot types are derived in experiments [5, 6] . Topological structures related to knots or pseudo-knots have been discussed in association with protein folding [7, 8] . Naturally occurring proteins whose ends connected to give a circular topology has been recently discovered [9] . Fractions of knotted species in synthesized DNA have been measured in experiments of DNA [10, 11] and recently in solid-state nanopores [12] . Furthermore, a molecular knot with eight crossings in nanoscale has been successfully synthesized [13] . Due to novel developments of experiments in chemistry, ring polymers are now effectively synthesized [14, 15, 16, 17, 18, 19, 20] .
We investigate statistical properties of knotted ring polymers in a theta solvent and those in a good solvent through simulations of such random polygons (RP) and self-avoiding polygons (SAP) under the topological constraint of being equivalent to a knot, respectively. Entropic swelling occurs for the RP under a topological constraint: The average size of the RP with a fixed knot is much larger than that of no topological constraint if the number of segments N is large [21, 22, 23, 24, 25, 26] . For SAP it occurs if the excluded volume is small and segment number N is large [27, 28] . We call such entropic swelling topological swelling [27, 28] . It has been argued that it is due to entropic repulsions among segments of such RP or SAP with a knot, which were first suggested by des Cloizeaux [29] . Here we denote by the average size the mean-square radius of gyration. It was shown in an experiment that the g-factors of ring polystyrenes, which are defined as the ratios of the mean-square gyration radii of ring polymers to those of corresponding linear polymers, are in theta solvents larger than the standard theoretical value and addressed that it is due to topological effects [30] .
In topological swelling, it is fundamental to evaluate the scaling exponent for the RP and SAP with a fixed knot. For knotted SAP it is confirmed that the scaling exponent is given by that of self-avoiding walks (SAW) [28] , i.e., the exponent does not change. For knotted RP it is suggested in many simulations that the scaling exponent should be given by that of SAW [24, 25, 26] , i.e., it should be enhanced due to topological swelling. However, it is not trivial to evaluate it numerically. It is practically hard to calculate knot invariants for polygons with large segment numbers N , and hence segment number N is limited in the simulations and not large enough to confirm the scaling behavior over three decades such as from N = 10 2 to 10 5 . It is therefore not clear yet whether the scaling exponent of the RP with a fixed knot is equal to that of SAW.
In the paper we study the scaling exponent of the RP with a fixed knot systematically through the results of SAP by changing the excluded volume and those of the knotting probability. We demonstrate that the finite-size effect is significant in topological swelling both for RP and SAP and it is indeed not trivial to estimate the scaling exponent in simulation. However, by deriving good fitted curves to the plots of the average size versus segment number N for various values of excluded volume we argue that the estimate of the scaling exponent of the SAP with a fixed knot approaches that of SAW even for zero thickness, i.e. for the RP, as the upper limit in the plot range of N goes to infinity.
We introduce SAP consisting of N impenetrable cylindrical segments with radius r ex where the segments do not overlap each other except for neighboring ones. It gives a model of semi-flexible ring polymers such as circular DNA [10, 11] . We show that the scale of topological finite-size effect in segment number N is given by the characteristic length of the knotting probability. In the cylindrical SAP it increases exponentially as a function of the excluded-volume parameter r ex and can be very large [31, 32] . Therefore, the plots of the average size of SAP with a fixed knot against N do not completely show the asymptotic behavior even for large segment numbers such as N = 10 4 : the finite-size effect gradually decays over the whole plot range of N for almost all SAPs investigated.
We express the nontrivial N -dependence in the average size of the RP or SAP with a fixed knot through a formula different from the standard asymptotic expression with the fixed exponent: We show that a three-parameter formula with scaling exponent as a fitting parameter gives a good approximate curve to the plot of the mean-square gyration radius of the cylindrical SAP with a fixed knot against N for any value of radius r ex . We call the parameter for the scaling exponent the effective scaling exponent. Since the χ 2 values are small, the average size of the RP or SAP with a fixed knot is expressed as a function of both number N and radius r ex numerically with high accuracy. Here we remark that the mean-square gyration radius of the RP with a fixed knot was evaluated in several studies [21, 23, 24, 25, 26, 27, 28, 33] , and for lattice SAP with a fixed knot the asymptotic behavior of the mean-square gyration radius was studied [34] . However, such theoretical curves with small χ 2 values have not been derived, yet, that have only three parameters to fit and quite small errors in the effective scaling exponent.
We shall argue the large-N scaling behavior of the RP with a knot K through responses in the effective scaling exponent ν K of the cylindrical SAP with the knot K as we change radius r ex and the upper limit in the plot range of N . Here, we call it the maximum of N . We show that for the cylindrical SAP of no topological constraint with a small radius r ex the effective scaling exponent ν All increases to the scaling exponent of SAW ν SAW very slowly as the maximum of N increases. With an approximation we suggest that for r ex = 0.005 the difference ν SAW − ν All is reduced to 0.01 when the maximum of N is given by 10 8 . We observe that effective exponents ν K for knots K are continuous as functions of radius r ex even at r ex = 0, and also that the estimates ν K are larger than ν All for any value of r ex . We thus suggest that effective scaling exponent ν K of the RP with a knot K approaches ν SAW if the maximum of N is very large such as 10 8 .
As another aspect of topological swelling we shall show the additivity of equilibrium lengths for composite knots. We call the number N eq the equilibrium length of a knot K, if the mean-square radius of gyration of such SAP of N eq segments with a knot K is equal to that of such SAP of N eq segments with no topological constraint. We may interpret that when the segment number is equal to the equilibrium length the average size does not change even if we remove the topological constraint on the SAP [33] . Intuitively, in the RP or SAP with a fixed knot at the equilibrium length entropic repulsions arising from the topological constraint are balanced with the complexity of the knot. Recall that the average size of knotted SAP decreases for small N if the knot is more complex. We propose a conjecture that for a composite knot K 1 #K 2 which consists of knots K 1 and K 2 , the equilibrium length N 12 of knot K 1 #K 2 is given by the sum: N eq1 + N eq2 , where N eqj are the equilibrium lengths of knots K j for j = 1 and 2. For the cylindrical SAP we show that the conjecture holds for SAP, while for RP it holds but not as good as for SAP: N 12 is smaller than the sum for RP. We shall argue that the additivity of equilibrium lengths is consistent with the local knot picture that the knotted region in a knotted SAP is localized [35, 36, 37, 38] . It might be suggested that the knotted region is less localized in RP than in SAP.
The contents of the present paper consist of the following. In section 2 we explain numerical methods in this research. In section 3 we present several aspects of topological swelling. We first define the ratio of topological swelling for a knot K by the ratio of the mean-square radius of gyration of the RP or SAP with the knot K to that of no topological constraint. By plotting the ratio of topological swelling for several knots against segment number N we demonstrate that the finite-size effect is dominant in the plots. We show that all the data of the ratio of topological swelling are well approximated by the fitted curves derived from the three-parameter formula with an effective scaling exponent applied to various knots for many different values of cylindrical radius r ex . In section 4, we show that the three-parameter formula with scaling exponent as a fitting parameter gives good fitted curves to the data points of the mean-square gyration radius of SAP with a knot K, denoted by R 2 g K , against segment number N for various values of radius r ex . We obtain good fitted curves to five prime knots and five composite knots such as 0 1 , 3 1 , 4 1 , 3 1 #3 1 and 3 1 #4 1 , etc. Here we remark that we define a prime knot as such a knot that cannot be expressed as a product of two nontrivial knots [39] . In section 5 we argue that the effective scaling exponent ν K of the RP with any fixed knot K approaches the scaling exponent of SAW (i.e., ν SAW =0.588) if the upper limit in the plot range of segment number N goes to infinity. We point out that the topological finite-size effect is very strong, so that the estimate ν K of the RP with knot K is smaller than the scaling exponent of SAW ν SAW if the number of segments N is less than 10 4 . In section 6 we present the additivity of equilibrium lengths for several composite knots consisting of prime knots 3 1 and 4 1 . Finally, in section 7 we give concluding remarks.
Numerical methods

Algorithm for generating cylindrical SAP
We construct an ensemble of SAP consisting of N hard cylindrical segments with radius r ex as follows [32] . First, we construct an initial polygon by an equilateral regular N -gon, where the vertices have numbers from 1 to N , consecutively. Second, we choose two vertices randomly out of the N vertices. Suppose that they are given by numbers p 1 and p 2 .We rotate the sub-chain between the vertices p 1 and p 2 around the straight line connecting them by an angle chosen randomly from 0 to 2π. Third, we check whether the rotated subchain has any overlap with the other part of the polygon or not. If the distance between every pair of nonneighboring segments (or polygonal edges) of the polygon is larger than 2r ex , we find that the polygon does not have any overlap. If it has no overlap, we employ the rotated configuration as the cylindrical SAP in the next Monte-Carlo step. If it has an overlap, we employ the previous configuration of SAP before rotation in the next Monte-Carlo step. Then, we repeat this procedure many times such as 2N times.
When the correlation between the initial polygon and the current polygon becomes small, we add the current polygon to the ensemble of cylindrical SAP. Repeating the procedure 2N times makes the correlation small enough. We thus suggest that if we pick up a SAP in the employed configurations every 2N MonteCarlo steps, the correlations between samples are very small and can be neglected.
On the number of SAPs generated in simulation
In the simulation of the present paper to each value of cylindrical radius r ex we have generated 2×10 5 polygons for N ≤ 4000, 10 5 polygons for 4000 < N ≤ 6000, 5 × 10 4 for 6000 < N ≤ 8000, and 4 × 10 4 for 8, 000 < N ≤ 10, 000.
We remark that for r ex = 0 generated polygons in the cylindrical SAP model are given by equilateral random polygons.
In the present simulation the number of segments N is given from 100 to 3000 for the cylindrical SAP of zero thickness (r ex = 0), from 100 to 3000 for cylindrical SAP with r ex = 0.005 and r ex = 0.01, from 100 to 4000 with r ex = 0.02, from 100 to 5000 with r ex = 0.03, from 100 to 7000 with r ex = 0.04, from 100 to 8000 with r ex = 0.05, from 100 to 10 4 with r ex = 0.06, 0.08 and 0.1.
In order to detect the knot type of a given SAP we mainly evaluate the two knot invariants: The absolute value of the Alexander polynomial |∆ K (t)| evaluated at t = −1 and the Vassiliev invariant of the second order v 2 (K) for a knot K [40] . If a given SAP has the same values of two knot invariants as a knot K, we assume that the topology of the polygon is given by the knot K. However, for some cases we also evaluate the Vassiliev invariant of the third order, In fact, there are some known pairs of knots that have the same values of the two knot invariants. We employ the algorithm for calculating the Vassiliev invariants of the second order and the third order through the Gauss codes (or the Dowker codes) [41] .
3 Entropic swelling of SAP with a fixed knot
Ratio of topological swelling
We denote the mean-square radius of gyration of the cylindrical SAP with a knot K by R 2 g K and that of no topological constraint by R 2 g All . Here we recall that the cylindrical SAP with zero radius: r ex = 0 correspond to equilateral RP.
In order to express topological swelling graphically let us introduce the ratio of the mean-square radius of gyration for the cylindrical SAP with a knot K to that of no topological constraint, R 2 g K / R 2 g All . We call it the ratio of topological swelling for knot K. The estimates of the ratio of topological swelling are plotted against segment number N in Figures 1, 2 and 3 for the trivial knot (0 1 ), the trefoil knot (3 1 ), and composite knot 3 1 #3 1 , respectively, in the case of cylindrical SAP with different values of cylindrical radius r ex , in the double-logarithmic scale. They are also shown for the figure-eight knot (4 1 ) in Figure S1 of section S1. Here we remark that the composite knot 3 1 #3 1 consists of two trefoil knots (3 1 ).
In Figures 1, 2 and 3 if the excluded volume is small, the ratio of topological swelling is larger than 1.0. For instance, in the case of the trivial knot, the ratio of topological swelling is larger than 1.0 for all the values of the cylindrical radius, as shown in Figure 1 . For nontrivial knots, it is larger than 1.0 if the cylindrical radius is small enough and the number of segments is large enough. In Figure 2 the ratio of topological swelling for radius r ex = 0.03 increases with respect to the number of segments N and becomes larger than 1.0 for N > 1, 000 in the case of the trefoil knot (3 1 ).
The finite-size effect arising from a topological constraint is significant. In the case of the trivial knot in Figure 1 for the small values of radius such as r ex = 0.005, 0.01 and 0.02 the ratio of topological swelling increases constantly with respect to the number N of segments in the double-logarithmic scale at least within the plotted range of N such as N ≤ 4, 000. However, if we assume that the ratio of topological swelling would increase constantly even for asymptotically large values of N , then the scaling exponent of SAP with small positive values of radius r ex should be larger than that of SAW, ν SAW . Therefore, we suggest that the apparent constantly increasing behavior in the ratio of topological swelling with r ex > 0 in the double-logarithmic scale does not hold for asymptotically large values of N . We expect that the gradient in the graph of the ratio of topological swelling against segment number N should gradually decrease in the double-logarithmic scale as segment number N increases and finally vanish for each nonzero value of radius r ex .
In the experiment [30] the g-factors, R 2 g ring / R 2 g linear , are evaluated from the data of the gyration radii for ring polystyrenes in Θ solvents as 0.557 ≤ g ≤ 0.730. They are larger than 0.5, which is the g-factor for the RP with no topological constraint and RW. If we assume that the topologies of almost all the ring polystyrenes in the experiment are given by the trivial knot, it seems that the g-factors obtained in the experiment are consistent with the theoretical estimates of the ratio of topological swelling for zero radius (r ex = 0) plotted in Figure 1 .
The finite-size effect plays an important role more explicitly for nontrivial knots, as shown in Figures 2 and 3 for knots 3 1 and 3 1 #3 1 , respectively. In the case of r ex = 0.1 the ratio of topological swelling increases and becomes close to the value of 1.0 only when the number of segments N is very large such as N = 10, 000. Here we remark that the characteristic length N 0 1 of the knotting probability is roughly estimated by 15, 000 in the case of r ex = 0.1 for the cylindrical SAP [32] . In Figure 2 the ratio for the trefoil knot 3 1 increases very slowly: it is given by 0.8 at N =100, while it becomes close to 1.0 only at N = 10, 000.
For the trivial knot the finite-size correction term vanishes when the cylindrical radius r ex is large [28] , while for the nontrivial knots it becomes more significant as the cylindrical radius increases. It is clear in Figure 1 that the graph of the ratio versus segment number N has a more gradual rise, i.e., it increases slower, as the cylindrical radius gets larger and finally becomes almost flat. However, in Figures 2 and 3 the graphs of the ratio versus N become more bending toward the lower direction in the small N region and consequently have a sharper rise. Therefore, the finite-size effect due to a topological constraint is also significant for SAP even in the case of large excluded volume.
We suggest that the slowly increasing behavior in the plots of the ratio of topological swelling against segment number N , which is particularly clear for non-trivial knots such as shown in Figures 2 and 3 , should be in agreement with the physical interpretation that we need to have a longer rope to tie a nontrivial knot if the thickness of the rope increases. Furthermore, we suggest that it corresponds to the slowly decaying behavior of the finite-size correction term in an appropriate fitting formula, which is applied to the plots of the ratio of topological swelling against segment number N . We remark that topological swelling has been studied in Ref. [28] for the cylindrical SAP with several values of radius r ex . However, the number of segments N was limited such as N ≤ 10 3 and some aspects of the finite-size effect have not been shown. In fact, the finite-size correction remains nontrivial even at N = 10 4 for the cylindrical SAP with large values of the radius such as r ex = 0.1, as shown in Figures 2 and 3 , while it was simply expected that the ratio of topological swelling should approach 1.0 in any standard models of SAP as the number of segments N goes to infinity, if the excluded volume is large enough [28] . 
Three-parameter formula for the ratio of topological swelling
The finite-size effect plays an important role in the plots of the average size of SAP with a fixed knot against the number of segments N plotted in Figures 1, 2 and 3, as shown in the last subsection. It is effective almost through the whole range of the number N of segments of SAP we investigated. It follows that the plots do not completely show the asymptotic behavior even for N = 10 4 . Thus, the asymptotic expression is not necessarily appropriate to express them.
In order to express the strong finite-size effect we now introduce a threeparameter formula with scaling exponent as a fitting parameter. We also assume that the finite-size correction is proportional to the inverse square root of N .
Here, a K , b K and ∆ν K are the fitting parameters of eq (1). We remark that the correction term corresponds to that of exponent ∆ 1 ≈ 0.5 in the standard asymptotic expansion of the average size of SAW (see also §4.1).
We have applied eq (1) to the plots of the ratio of topological swelling versus N for several prime knots 0 1 , 3 1 and 4 1 together with some composite knots such as 3 1 #3 1 and 3 1 #4 1 . Each of the fitted curves has a small χ 2 value per degree of freedom (DF), so that they are good. The fitted curves are depicted in Figures 1, 2 and 3 (for knot 4 1 , see Figure S1 of section S1). We observe that they fit to the data points very well. The best estimates of knots 0 1 , 3 1 and 3 1 #3 1 are listed in Tables 1, 2 and 3, respectively. For knot 4 1 they are given in Table S1 of section S1.
The finite-size correction term in eq (1) is appropriate to all the data shown in Figures 1, 2 and 3. In particular, the monotonically and slowly increasing behavior of the ratio of topological swelling against segment number N , shown for the non-trivial knots in 2, and 3, is very well described by the finite-size correction term of eq (1). Therefore, the fitted curves have small values of the χ 2 values per DF. Table 1 : Best estimates of the parameters in eq (1) for the ratio of topological swelling for the trivial knot (0 1 ),
In Figures 1, 2 and 3 we have observed that for the trivial knot the finite-size correction vanishes when the cylindrical radius r ex is large, while for the nontrivial knots it becomes more significant as the cylindrical radius increases. We now show it by observing how the best estimates of the parameter b K depends on the radius r ex . For the trivial knot, the coefficient b 0 1 in the finite-size correction term vanishes in the case of large values of cylindrical radius such as r ex ≥ 0.05, as listed in Table 1 Table 2 : Best estimates of the parameters in eq (1) for the ratio of topological swelling for the trefoil knot ( Table 3 : Best estimates of the parameters in eq (1) for the ratio of topological swelling for composite knot 3 1 #3 1 , R absolute value of the coefficient b K increases for each knot as the cylindrical radius increases, as listed in Tables 2 (for knot 4 1 see TableS1 of section S1).
Characteristic length of the knotting probability and the equilibrium length of a knot
We define the knotting probability of a knot K for a model of RP or SAP by the probability that a given configuration of RP or SAP of N segments in the model has the knot type K. We denote it by P K (N ). For a wide range of the number of segments N we can approximate the knotting probability of a knot K as a function of N as
where C K , N K , m(K) and ∆N (K) are fitting parameters [42, 43] . It is shown for the cylindrical SAP that the estimates N K for many different knots K are all approximately equal to that of the trivial knot: N K ≈ N 0 1 [31, 32] . Thus, we denote them simply by N 0 [42] and call it the characteristic length of the knotting probability. The estimates of N 0 for the cylindrical SAP with some values of radius r ex are given in Table 4 . We remark that the corrections ∆N (K) are smaller than the characteristic length N 0 , and can be neglected for large N .
In Figure 2 we observe that the ratio of topological swelling for knot 3 1 reaches the value 1.0 when the number of segments N is approximately equal to the characteristic length N 0 . Here we recall that if the ratio of topological swelling for a knot K becomes 1.0 in the RP or SAP with a knot K of N segments, then we call the number N the equilibrium length of the knot K with respect to the mean-square radius of gyration of the RP or SAP [33] . The estimates of the equilibrium length for simple prime knots are listed in Table 4 . In Figure 3 the ratio of topological swelling for composite knot 3 1 #3 1 reaches the value 1.0 when segment number N is approximately equal to twice the characteristic length N 0 .
394 ± 62 387 ± 37 0.01 483 ± 2 353 ± 8 601 ± 38 869 ± 92 839 ± 80 0.02 818 ± 3 626 ± 15 1119 ± 47 1653 ± 151 1793 ± 127 0.03 1290 ± 4 1036 ± 14 2024 ± 93 2669 ± 240 2850 ± 166 0.04 1966 ± 5 1610 ± 15 3298 ± 108 4106 ± 324 4820 ± 320 0.05 2903 ± 6 2383 ± 29 5106 ± 168 6386 ± 530 10243 ± 512 Table 4 : Equilibrium length N eq for prime knots 3 1 , 4 1 , 5 1 and 5 2 and the characteristic length of the knotting probability N 0 versus radius r ex of cylindrical segments.
Let us confirm numerically the above observation in Figs. 2 and 3 . We calculate the ratio of topological swelling, R 2 g K / R 2 g All , for a knot K through the best estimates of the parameters a K , b K and ∆ν K of the fitted curves given by eq (1) listed in Tables 2 and 3 . For r ex = 0.02 the ratio for the trefoil knot 3 1 becomes 1.0 at N = 626, while that of the composite knot 3 1 #3 1 becomes 1.0 at N = 1244. It is very close to twice the number 626, which is given by 1252. The characteristic length N 0 is approximately given by 820, where we have the ratio N eq /N 0 = 626/820 ≈ 0.76. Thus, the average size of the SAP of knot 3 1 is equal to that of no topological constraint when segment number N is slightly smaller than N 0 .
We now argue that the ratio of topological swelling for a composite knot consisting of n trefoil knots, R 2 g 3 1 #···#3 1 / R 2 g All , reaches or becomes greater than 1.0 around at N = nN 0 . Hereafter we denote the composite knot consisting of n trefoil knots 3 1 # · · · #3 1 by K comp .
In terms of the knotting probabilities P K (N ) the mean-square radius of gyration for SAP under no topological constraint, R 2 g All , is expressed as the average of the mean-square radius of gyration for SAP with fixed knots R 2 g K over all different knots. We classify all knots into such classes of knots consisting of n prime knots for n = 1, 2, . . .. There are prime knots (n = 1), the composite knots consisting of two prime knots (n = 2), etc. Here we assume that the trivial knot consists of zero prime knot (n = 0). We recall that for a given knot K we denote the number of constituent prime knots by |K|. Then, we have
Here we assume that the symbol |K|=n denotes the sum over all knots consisting of n prime knots. It follows from eq (2) that the knotting probability has the maximum value around at N = m(K)N 0 . The knotting probability P K (N ) becomes quite small for N < m(K)N 0 due to the power (N/N 0 ) m(K) in eq (2) and decreases exponentially with respect to N for N > m(K)N 0 . Here we remark that the exponent m(K) are close to the integers n for composite knots consisting of n prime knots [42, 43] . Thus, if the number of segments N is given by N = nN 0 for some integer n, the right-hand side of eq (3), i.e., the average of the mean-square radius of gyration over all knots, is approximately given by the contribution from the knots consisting of n prime knots. For simplicity, let us assume that simple knots consisting of n prime knots have some similar values of the mean-square radius of gyration as the given composite knot K comp in common, or they are all smaller than K comp with respect to size. We therefore have
It follows from eq (4) that the ratio of topological swelling, R 2 g Kcomp / R 2 g All , becomes greater than 1.0 around at N = nN 0 .
It seems that the evaluation R 2 g Kcomp / R 2 g All > 1 at N = nN 0 is valid, although the assumption that simple knots consisting of n prime knots have similar average sizes does not necessarily always hold. For an illustration, let us consider the n = 1 case of eq (4). It is easy to see that the derivation of eq (4) is valid also for n = 1. We observe in Table 4 that the equilibrium length of knot 3 1 is approximately equal to but slightly smaller than the characteristic length of the knotting probability N 0 for each value of radius r ex . Therefore, the ratio of topological swelling is greater than 1.0 at N = N 0 . We thus find that it is consistent with eq (4) in the case of n = 1. 2 g All , is plotted against the number of segments N for various knots K in the doublelogarithmic scale. The plots for the trivial knot (0 1 ), the trefoil knot (3 1 ), the figureeight knot (4 1 ), and three composite knots 3 1 #3 1 , 3 1 #4 1 and 3 1 #3 1 #3 1 are depicted by filled circles, diamonds, stars, squares, lower triangles and crosses, respectively, from N =100 to 3000.
Topological swelling among different knots
We expect that the mean-square radius of gyration in the cylindrical SAP with a fixed knot does not depend on the knot type if the number of segments N is very large. If the knotted region of SAP with a fixed knot is localized along the polygonal chain, the difference in the average size among different knots should vanish as the number of segments N goes to infinity.
In order to confirm it, we plot the ratio of topological swelling against segment number N for the trivial knot and some nontrivial knots. In Figure 4 the ratio of topological swelling for the different knots in the equilatral RP, R 2 g K / R 2 g All , is plotted against the number of segments N . Here it is given by the cylindrical SAP in the case of zero thickness: r ex = 0. The ratio becomes larger than 1.0 for each of the six knots if segment number N is larger than 300 or 400. We observe that the ratios for the six knots become close to each other for large N such as N = 2, 000.
For the equilateral random polygons the ratio of topological swelling for the trefoil knot (3 1 ) becomes 1.0 at N = 197, while that of the composite knot 3 1 #3 1 at N = 325, which is slightly smaller than twice the number 197. Here the characteristic length N 0 is approximately given by 246, where we have the ratio N eq /N 0 = 197/246 ≈ 0.80. Thus, for N = N 0 , the ratio of topological swelling for the trefoil knot (3 1 ) is larger than 1.0 as argued in eq (4). For the figureeight knot (4 1 ) the ratio of topological swelling becomes 1.0 at N = 291, which is slightly larger than N 0 .
Scaling behavior of SAP with a fixed knot 4.1 Asymptotic expression of the mean-square radius of gyration
We first review briefly some known results on the asymptotic behavior of the average size of polymer chains with excluded volume [44, 45, 46, 47, 48] . According to the standard renormalization group (RG) arguments [45] it is predicted that the mean-square radius of gyration R 2 g linear of any real polymer chain should have the asymptotic behavior
as N increases infinitely [46] . The critical exponents ν SAW and ∆ 1 are universal. The estimates ν SAW = 0.5880 ± 0.0015 and ∆ 1 = 0.470 ± 0.025 were obtained by RG arguments via the n = 0 limit of the n-vector field theory model [44] , while the estimates ν SAW = 0.5877 ± 0.0006 and ∆ 1 = 0.56 ± 0.03 were obtained by the simulation of three-dimensional SAWs on lattice [46] . We assume that the mean-square radius of gyration of the cylindrical SAP under no topological constraint, R 2 g All , has the same asymptotic behavior as the mean-square radius of gyration of SAW, as N goes to infinity
We employ eq (6) as a fitting formula with three parameters A R , b
R and ∆ 1 . By putting ν SAW = 0.588 we apply eq (6) to the data of R 2 g All versus N for several different values of cylindrical radius r ex . The fitted curves given by eq (6) are good except for the case of r ex = 0. The best estimates with χ 2 values per DF are listed in Table 5 .
We suggest that the estimate of ∆ 1 for the large radius case of r ex = 0.1 is consistent with that of SAW. In Table 5 the estimate of ∆ 1 decreases as radius r ex decreases. We have ∆ 1 = 0.426 ± 0.032 at r ex = 0.10, which is close to the estimate ∆ 1 = 0.47 ± 0.03 derived through the n = 0 limit of the field theory.
We have applied the asymptotic expression of eq (6) also to the data of the mean-square radius of gyration for the cylindrical SAP with a fixed knot K denoted by R 2 g K versus segment number N . For the trivial knot, we have good fitted curves. For nontrivial knots, however, we do not always have good fitted curves for all values of radius r ex .
For lattice SAP the asymptotic expression of eq (6) has been applied to the data of the mean-square radius of gyration under a topological constraint [34] . Table 5 : Best estimates of the parameters of the asymptotic expansion (6) for the mean-square gyration radius of the cylindrical SAP with radius r ex under no topological constraint R 2 g All .
It was suggested that the estimate ∆ 1 = 1/4 should be the most favorable to the data, although other values such as ∆ 1 = 1/2 are not completely denied. Thus, the correction term in the asymptotic expansion has not been numerically determined, yet.
Fitting formula with an effective scaling exponent
We now introduce the effective scaling exponent through curves fitted to the data of the mean-square radius of gyration for the cylindrical SAP with a fixed knot K, R 2 g K , versus segment number N . We consider a three-parameter formula with a scaling exponent to be fitted where the finite-size correction is proportional to the inverse of the square root of segment number N
Here, the exponent ν K , the amplitude A K and the coefficient B K are fitting parameters. We call the parameter ν K the effective scaling exponent of knot K. By applying eq (7) to the data of the mean-square radius of gyration for cylindrical SAP with a fixed knot versus segment number N , we observe that fitted curves are appropriate to the plots of all the knot types and for all the ten different values of cylindrical radius r ex from 0 to 0.1, as shown in the captions. The χ 2 values per DF are small such as less than 2.0 for almost all fitted curves. For instance, the best estimates of the parameters of eq (7) (7) are also listed in Table S3 -S7 of section S2.
The formula of eq (7) corresponds to that of eq (1) if we have good fitted curves to the plots of the mean-square radius of gyration for the cylindrical SAP under no topological constraint, R 2 g All , against segment number N . The χ 2 values are not large, as given together with the best estimates of the paraeters in Table S8 of section S3.
Finite-size correction term
It is not trivial to choose an appropriate correction term 1/N ∆ , as suggested in Ref. [49] . We therefore simply put ∆ = 1/2 in eq (7). Here we remark that in the perturbative approach to the excluded-volume effect the mean-square radius of gyration of a polymer is expanded in terms of the inverse square root of segment number N [50] .
If we choose other powers of N as the finite-size correction term in eq (7) such as the inverse of N , the χ 2 values per DF are not small and hence the fitted curves derived are not good. We have also applied the formula of eq (7) with no finite-size correction term, i.e. we put B K = 0. The fitted curves are not good with respect to the χ 2 values. By applying eq (7) with B K = 0 to the data points of the mean-square gyration radius for the equilateral RP with the trivial knot (0 1 ) evaluated in the plot range of N ≤ 2400, we have obtained the estimate of ν 0 = 0.53, where the χ 2 values per DF are rather large such as 18.
In the experiment it is shown that the mean-square radii of gyration of ring polystyrenes in Θ solvents are scaled with an enhanced exponent 0.53, where the formula of eq (7) with no finite-size correction term is applied to the experimental data [30] . Thus, the estimate of the scaling exponent in the experiment coincides with that of the present research for the trivial knot if we apply eq (7) with no correction term (i.e., B K = 0). We conclude that the experimental estimate of the scaling exponent [30] is not in contradiction with the theoretical estimate of the trivial knot evaluated in the present paper.
5 Scaling exponent of the RP with a knot 5.1 Continuous change in effective exponent with respect to radius
In Figure 5 the best estimates of the effective scaling exponent ν K for the cylindrical SAP with a knot K are plotted against cylindrical radius r ex for the four knots: 0 1 , 3 1 , 4 1 and 3 1 #3 1 . We observe that for each knot K the estimate of ν K decreases very slowly as cylindrical radius r ex decreases and approaches zero. In particular, the change of the effective scaling exponent ν K near the origin at r ex = 0 is rather small. On the other hand, the effective scaling exponent of the cylindrical SAP under no topological constraint, ν All , abruptly decreases near the origin at r ex = 0 as cylindrical radius r ex decreases and approaches zero. We have ν All = 0.5 at r ex = 0, while we have ν All = 0.55 for a small nonzero radius of r ex = 0.005.
We thus propose a conjecture that the effective scaling exponent ν K of the cylindrical SAP with radius r ex of any given knot K should be continuous as a function of cylindrical radius r ex particularly near the origin of r ex = 0.
Even in the case of zero radius (i.e., r ex = 0), the effective scaling exponent ν K of a knot K is definitely larger than 0.5. We observe such enhancement of the effective scaling exponent ν K clearly in Figure 5 . Here, the scaling exponent of RW and RP is given by 0.5, and we denote it by ν RW . The estimates of ν K at r ex = 0 are distinct from the value of ν RW with respect to error bars which are given by the standard deviations. We have thus described topological swelling for random knots in terms of the effective scaling exponent ν K . Figure 5 : Best estimates of effective scaling exponent ν K defined by eq (7) for the mean-square radius of gyration of the cylindrical SAP with a knot K versus radius r ex of cylindrical segments in the case of the trivial, trefoil, figure-eight knots and composite knot 3 1 #3 1 are depicted by filled crosses, circles, diamonds, and squares, respectively. Those of SAP under no topological constraint ν All (All) are depicted by open circles.
The effective scaling exponent ν K for the equilateral RP with a knot K is distinctly smaller than that of SAW, ν SAW = 0.588, with respect to errors, as shown in Figure 5 . The estimates ν K for some knots are evaluated in the plot range of N with the upper limit of N = 3, 000. For zero radius (r ex = 0) the estimates ν K of the trivial and the trefoil knots are given by ν 0 1 = 0.574 ± 0.002 and ν 3 1 = 0.563 ± 0.002, respectively. They are listed in Table S2 of section S2.
Enhancement in effective scaling exponent of the RP with a knot
We now argue that the effective scaling exponent ν K of the equilateral RP with a knot K approaches the scaling exponent of SAW: ν SAW = 0.588, if the upper limit in the plot range of segment number N goes to infinity. Hereafter, we call the upper limit in the plot range of N the maximum segment number N or the maximum of N , in brief. Figure 6 : Difference of effective scaling exponent ν All to scaling exponent of SAW ν SAW : ν SAW − ν All versus maximum segment number N (i.e., the upper limit of the plot range of N ) in the double-logarithmic scale. The plots of r ex = 0.005, 0.01 and 0.02 are depicted by filled circles, diamonds and upper triangles, respectively. Here we put ν SAW = 0.588.
Let us assume that for any small value of the excluded volume the effective scaling exponent of SAW approaches the value of ν SAW if the maximum segment number N becomes very large. For instance, the effective exponent ν All defined by eq (7) for the cylindrical SAP under no topological constraint (i.e., K = All) with radius r ex = 0.01 is given by ν All = 0.5665 ± 0.0007 evaluated in the plot range from N = 100 to N = 3, 000. However, we expect that if we increase the maximum segment number N to a very large number for the cylindrical SAP with r ex = 0.01, then the effective scaling exponent ν All should increase and become much closer to the value of ν SAW = 0.588. Here we remark that the estimates ν All for other values of cylindrical radius r ex are listed in Table S8 of section S3.
In Figure 6 , the difference between the effective scaling exponent ν All and the scaling exponent of SAW ν SAW is plotted against the upper limit in the plot range of segment number N for the cylindrical SAP in the case of radius r ex = 0.005, 0.01 and 0.02, respectively, in the double-logarithmic scale. We observe that the plots can be approximated by linear lines in all the three cases. We also observe in Figure 6 that the absolute value of the gradient of the fitted line increases as the cylindrical radius becomes larger: the more the excluded volume is, the faster ν All approaches ν SAW .
In the case of r ex = 0.005 the fitted line is the best among the three cases of values of radius r ex . We suggest that the effective scaling exponent ν All approaches the scaling exponent of SAW where the difference of exponents: ν SAW − ν All is roughly approximated by the inverse power of N with a small exponent such as 0.125 with a constant c All :
Thus, it approaches ν SAW very slowly. For instance, the difference between ν SAW and ν All is reduced to 0.01, i.e., ν All = 0.587, if the maximum segment number N is very large such as N = 10 8 . Here we remark that the power-law decay is considered as an approximate expression, since we have confirmed it only over a decade from N = 300 to 3, 000. For any other topological condition K than no topological constraint (All) such as being topologically equivalent to a knot K, it is not practically easy to show numerically how the effective scaling exponent ν K for the cylindrical SAP with a small nonzero radius r ex approaches ν SAW as the maximum segment number N increases.
However, from Figures 5 and 6 we argue that the effective scaling exponent ν K of the cylindrical SAP with any given knot K approaches the scaling exponent of SAW ν SAW if the maximum segment number N becomes very large. The way it approaches ν SAW can be very slow such as that it approaches 0.587 (i.e. the difference from ν SAW is given by 0.01) when the maximum of N is as large as N = 10 8 or larger.
In Figure 5 we observe that the estimates of effective scaling exponents ν K for several knots K are all larger than the estimate of ν All for almost any value of radius r ex . We thus expect that the effective exponents ν K are larger than ν All for any value of cylindrical radius r ex even if the maximum of N becomes extremely large. Thus, if the maximum segment number N becomes very large, the effective scaling exponent ν K for the cylindrical SAP of a knot K even with a small radius r ex approaches the value of ν SAW very closely, since ν All increases to ν SAW and ν K is assumed to be larger than ν All .
We now argue enhancement of the effective scaling exponent ν K of the RP with a knot K. It follows from the continuity conjecture of effective exponents ν K with respect to radius r ex shown in section 5.1 that the effective scaling exponent ν K of the equilateral RP with a knot K approaches ν SAW if the upper limit in the plot range of N (i.e., the maximum of N ) goes to infinity. We expect that the difference ν SAW − ν K is smaller than 0.01 if the maximum of N is given by 10 8 . If the estimate of ν K at r ex = 0.005 becomes equal to ν SAW , the estimate of ν K at r ex = 0.0 becomes also equal to it, since the effective exponent ν K is assumed to be continuous with respect to radius r ex .
We give a conclusion to the above argument: The effective scaling exponent ν K of the RP with a fixed knot K should approach the value of ν SAW if the upper limit in the plot range of segment number N is very large such as N = 10 8 . However, the topological finite-size effect is very strong, so that it is effectively smaller than the value of ν SAW if segment number N is less than 10 4 .
6 Additivity of equilibrium lengths for composite knots
Equilibrium lengths of composite knots
Associated with topological swelling we propose the following conjecture: If the equilibrium lengths for knot K j are given by N eq (K j ) for j = 1 and 2, respectively, then the equilibrium length for the composite knot K 1 #K 2 , denoted by N eq (K 1 #K 2 ), is given by the sum
r ex 1.14 ± 0.23 Table 6 : Equilibrium lengths for composite knots of knots 3 1 and 4 1 . Fraction shows the ratio of the equilibrium length of a composite knot to the sum of the equilibrium lengths over all the constituent prime knots together with errors.
For an illustration, let us confirm the conjecture for composite knot 3 1 #4 1 numerically by making use of the best estimates for the parameters of the formula of eq (1) . For r ex = 0.02 the ratio of topological swelling for the trefoil knot (3 1 ) becomes 1.0 at N = 626 and for the figure-eight knot (4 1 ) at N = 1119, while that of composite knot 3 1 #4 1 at N = 1740. It is almost equal to the sum of the numbers N 1 = 626 and N 2 = 1119, which is given by 1745. Thus, the ratio of the equilibrium length of the composite knot 3 1 #4 1 to the sum of those of knots 3 1 and 4 1 is given by 1.0 with respect to errors.
Several examples support numerically the additivity conjecture. In Table 6 the estimates of the equilibrium length for five composite knots are listed for several different values of radius r ex of cylindrical segments. In each row of a given value of radius r ex the row of "Fraction" shows the ratio of the equilibrium length of a given composite knot, N eq ( j #K j ), which we denote simply by N 12 , to the sum of the equilibrium lengths of all constituent prime knots, j N eq (K j ), which we denote simply by N 1 + N 2 . The fraction is denoted by N 12 / (N 1 + N 2 ) . They are close to 1.0 with respect to errors at least for SAP.
Additivity compatible with the local knot conjecture
Let us now argue that the additivity of equilibrium lengths for composite knots is compatible and even consistent with the local knot conjecture. The conjecture is given as follows. In an ensemble of such RP or SAP with a fixed prime knot the majority of them have such knotted regions that are localized along the polygonal chains [35, 36, 37] . In a given SAP with a prime knot K, if the knotted region is localized as in the local knot conjecture, we can take a subchain which corresponds to the knotted region. We call the subchain a locally knotted SAW with the knot K, which consists of SAW with the local knot K on it. We also assume that if we connect the two ends of a locally knotted SAW with a knot K, we have SAP with the knot K. Under the local knot conjecture we expect that the majority of SAPs with a knot K have locally knotted SAW with the knot K as subchains of the SAP.
Recall that if the equilibrium length for a knot K is given by N , the meansquare radius of gyration of SAP with the fixed knot K is equal to that of SAP under no topological constraint. Here, we physically interpret that topological entropic repulsions are balanced with the complexity of the knot K in the SAP with the knot K of N segments. Thus, also in N -step locally knotted SAWs with the knot K, we say that topological entropic repulsions are balanced with the complexity of the knot K if the step number N is equal to the equilibrium length for the knot K.
Suppose that in a SAP with a prime knot K 1 of N 1 segments topological entropic repulsions are balanced with the complexity of the knot K 1 and also that in a SAP with a prime knot K 2 of N 2 segments topological entropic repulsions are balanced with the complexity of the knot K 2 . According to the local knot conjecture, in the locally knotted N j -step SAWs with the knot K j topological entropic repulsions are balanced with the complexity of the knot K j for j = 1 and 2, respectively. We then suggest that the topological entropic repulsions in the SAP of N 1 + N 2 segments with the composite knot K 1 #K 2 should be balanced with the complexity of the knot K 1 #K 2 . Here, we expect that in the composite SAW of N 1 + N 2 steps with the composite knot K 1 #K 2 there are two locally knotted regions which correspond to the two prime knots K 1 and K 2 , respectively. Since in each of the N j -step locally knotted SAWs (j = 1, 2) the topological entropic repulsions are balanced with the knot complexity of the knot K j , the whole topological entropic repulsions in the composite SAW of N 1 + N 2 steps with the knot K 1 #K 2 should be balanced with the complexity of the knot K 1 #K 2 . Under the local knot conjecture it follows that the equilibrium length of the total SAP of N 1 + N 2 segments with the knot K 1 #K 2 is given by the sum N 1 + N 2 .
Possibility of knots in RP being less localized than in SAP
We now argue that the local knot conjecture holds for SAP well, while it holds for RP less than for SAP. In Table 6 we observe that the fractions N 12 /(N 1 + N 2 ) are given from 0.9 to 1.0 for SAP, while it is about 0.8 for RP. They are smaller in RP than in SAP for the five composite knots. Here we expect that if knots are truly localized, then the fraction N 12 /(N 1 + N 2 ) should be given by 1.0. We therefore suggest that the knotted region in the RP with a fixed knot is less localized than in the SAP with a fixed knot.
We recall that in Figure 4 the ratio of topological swelling in the equilateral RP, R 2 g K / R 2 g All , is plotted against the number of segments N for the six knots. We suggest that topological entropic repulsions are stronger in knotted RP than in knotted SAP. If knotted regions are less localized in knotted RP than in knotted SAP, they should be more entangled in knotted RP and hence the topological entropic repulsions among segments should be stronger in knotted RP than in knotted SAP.
It may explain the reason why the fractions N 12 /(N 1 + N 2 ) are smaller in knotted RP than those of knotted SAP. If topological entropic repulsions among segments are stronger in knotted RP, then the equilibrium length of a knot is smaller in RP than in SAP with respect to the characteristic length N 0 which gives the scale of topological effects. Thus, when entropic repulsions are balanced with the knot complexity for a composite knot K 1 #K 2 , the equilibrium length N 12 is smaller in RP than in SAP, and hence we have smaller fractions N 12 /(N 1 + N 2 ).
Concluding remarks
For topological swelling of the RP with a fixed knot K we have argued that the topological finite-size effect plays a central role in the mean-square radius of gyration of the RP under the topological constraint K plotted against segment number N .
We have shown that the three-parameter formula (7) with scaling exponent as a fitting parameter gives a good fitted curve to the plot of the mean-square gyration radius of the cylindrical SAP with a fixed knot against segment number N for any given value of radius r ex . The results should be useful for describing the mean-square radius of gyration for knotted semi-flexible ring polymers.
We have argued that the effective scaling exponent of the RP with a knot K is given by the scaling exponent of SAW ν SAW if the upper limit of the plot range of N becomes infinitely large such as N = 10 8 or larger than that. However, if the upper limit of N is given by a finite number such as N = 10 4 , it is definitely less than ν SAW with respect to errors.
It follows that, at least for segment numbers N less than 10 4 , to the plots of the mean-square radius of gyration for the RP under a topological constraint against segment number N it is impossible to apply such a large-N asymptotic expansion that would have the effective scaling exponent equal to the scaling exponent of SAW and give good theoretical curves with small χ 2 values where there are only three fitting parameters.
We have shown that the equilibrium length of a composite knot is approximately equal to the sum of those of constituent prime knots of which the composite knot consists. Furthermore, we have argued that the additivity of equilibrium lengths for composite knots is compatible with the local knot conjecture. S1 Ratio of topological swelling for the figureeight knot Figure S1 : Ratio of topological swelling for the figure-eight knot (4 1 ) in the cylindrical SAP with radius r ex , R 2 g 4 1 / R 2 g All , plotted against the number of segments N in the double-logarithmic scale. Table S1 : Best estimates of the parameters in eq (1) for the ratio of the mean-square radius of gyration for the cylindrical SAP with the figure-eight knot 4 1 to that of no topological constraint, denoted by R
S2 Gyration radius of SAP with a fixed knot Table S2 : Best estimates of the parameters of eq (7) for knots 0 1 , 3 1 and 4 1 . Table S3 : Best estimates of the parameters of eq (7) for knots 5 1 and 5 2 . Table S4 : Best estimates of the parameters of eq (7) for the composite knots 3 1 #3 1 and 3 1 #4 1 . Table S5 : Best estimates of the parameters of eq (7) for knot 3 1 #3 1 #3 1 . Table S6 : Best estimates of the parameters of eq (7) for knot 3 1 #3 1 #4 1 . Table S7 : Best estimates of the parameters of eq (7) for knot 3 1 #4 1 #4 1 .
S3 Best estimates to the plots of the meansquare gyration radius for cylindrical SAP of no topological constraint versus segment number
By applying eq (7) in the case of K = all we derive the fitted curves to the plots of the mean-square radius of gyration for the cylindrical SAP under no topological constraint R 2 g All against the number of segments N for several different values of cylindrical radius r ex . The curves fit to the data points very well and the χ 2 values per DF are less than 2.0 for almost all the values of cylindrical radius r ex . The best estimates of the parameters are listed in Table S8 .
Moreover, the absolute value of the coefficient of the finite-size correction term B All is less than 1.0 for the large values of cylindrical radius satisfying r ex ≥ 0.06, as listed in Table S8 . Therefore, for N > 10 3 , the finite-size correction term is very small such as less than 3 percentages in the case of the large values of the cylindrical radius with r ex ≥ 0.06. Table S8 : Best estimates of the parameters in eq (7) for K = all to the plots of the mean-square radius of gyration of the cylindrical SAP under no topological constraint, i.e., that of all knots, R
